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ABSTRACT
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PERIODIC ORBIT ANALYSIS OF THE HELMHOLTZ EQUATION IN
TWO-DIMENSIONAL ENCLOSURES
by Christopher John Ham
This thesis examines how periodic orbits may be used in acoustics to understand
solutions of the Helmholtz equation.
A review of the links between ray and wave mechanics is given including WKBJ
(Wentzel, Kramers, Brillouin and Jeffreys) and EBK (Einstein, Brillouin, Keller)
methods. It is also noted that some mode shapes in chaotic enclosures are scarred by
the short periodic orbits. This motivates the proposal of the Mode Scar Hypothesis
and the Mode Resonance Function Hypothesis.
Thetrace formula, whichisa sumoverperiodic orbits,approximatesthelevelden-
sity for an acoustic enclosure. The trace formula in the concentric annulus domain
is derived using a formulation for enclosures with continuous symmetry by Creagh
and Littlejohn [1]. Results for the variance of the difference between the true and
average mode counts are obtained.
A technique called short periodic orbit theory (SPOT) for the approximation of
mode shapes devised by Babiˇ c and Buldyrev [2] and Vergini [3] is given. SPOT is
extended to impedance boundary conditions. SPOT is implemented in the quarter
stadium, quadrupole, circle and eccentric annulus enclosures with Dirichlet, Neu-
mann and impedance boundary conditions. Concave enclosures with Dirichlet or
Neumann boundary conditions were best approximated using SPOT.
A design loop for enclosures is proposed using the periodic orbit ideas given. A
model problem is used to provide insight into the effectiveness of these methods. It
was found that it was not possible to breakdown all mode shapes in the eccentric
annulus into contributions from short periodic orbits.
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10• Exploration of methods to ﬁnd the periodic orbits that underlie a mode shape.
The development of the ray angle function. Decomposition of mode shapes in
an enclosure with integrable and chaotic regions of space (chapter 6).
• Tracking of changes of mode shapes with changing eccentricity with reference
to periodic orbits (chapter 6).
29(a) ε = 0 (b) ε = 0.25
(c) ε = 0.5 (d) ε = 0.65
Figure 2.5: Poincar´ e section for four different values of eccentricity for the eccentric
annulus.
37centricities. This showed the difference between integrable and chaotic regions of
phase space. It also showed how changing the eccentricity of the annulus changes
the dynamics from integrable, when the eccentricity is zero, to fully chaotic, when
the central disk touches the outer boundary.
Some methods for ﬁnding periodic orbits were discussed. In integrable enclo-
sures ﬁnding periodic orbits is usually straightforward. However, in chaotic enclo-
sures the problem is somewhat more difﬁcult. Short periodic orbits will be used in
much of the theory later so understanding methods for ﬁnding them is important
Linearization around the periodic orbits was discussed and the monodromy ma-
trix was deﬁned. The monodromy matrix allows the stability of the orbits to be
calculated. The monodromy matrix will be used to determine stability and in the
calculation of mode shape approximations.
43(a) No excitations in the transverse direc-
tion.
(b) One excitation in the transverse direc-
tion.
(c)Twoexcitationsinthetransversedirec-
tion.
(d) Three excitations in the transverse di-
rection.
(e) Four excitations in the transverse di-
rection.
Figure 4.3: First ﬁve levels of excitation transverse to the direction of travel of the
periodic orbit.
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Figure 5.2: SPOT results for quarter stadium with Dirichlet boundary conditions.
The top plot show the unfolded mode count with ‘×’ denoting the FEM mode
wavenumbers and ‘o’ showing the SPOT approximation. The dotted line shows the
approximation to the average mode count. The middle plot shows the normalized
error and the bottom plot show the overlaps.
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Figure 5.4: Contribution of resonance functions to each mode shape approximation.
The darker the square the nearer the contribution is to one .
shapes is clearly seen.
105(a) κ = 3.5885
overlap=0.9985
(b) κ = 4.6798
overlap=0.9985
(c) κ = 6.0130
overlap=0.9989
(d) κ = 6.6121
overlap=0.9984
(e) κ = 7.2452
overlap=0.9971
(f) κ = 7.5481
overlap=0.9992
(g) κ = 8.3990
overlap=0.9955
(h) κ = 8.8340
overlap=0.9953
(i) κ = 9.5896
overlap=0.9846
(j) κ = 9.7320
overlap=0.9853
(k) κ = 10.2178
overlap=0.9718
(l) κ = 10.3326
overlap=0.9825
(m) κ = 10.9154
overlap=0.9902
(n) κ = 11.3387
overlap=0.9975
(o) κ = 11.5587
overlap=0.9913
(p) κ = 12.1627
overlap=0.9938
(q) κ = 12.6121
overlap=0.9924
(r) κ = 12.8035
overlap=0.9985
(s) κ = 12.9264
overlap=0.9889
(t) κ = 13.4011
overlap=0.6302
Figure 5.5: First 20 mode shape approximations using SPOT in the quarter stadium
with Dirichlet boundary conditions. Mode wavenumber shown below.
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Figure 5.8: SPOT results for quarter stadium with Dirichlet and Neumann bound-
ary conditions. The top plot show the unfolded mode count with ‘×’ denoting the
FEM mode wavenumbers and ‘o’ showing the SPOT approximation. The dotted line
shows the approximation to the average mode count. The middle plot shows the
normalized error and the bottom plot shows the overlaps.
109(a) κ = 3.2751
overlap=0.9967
(b) κ = 4.0732
overlap=0.9963
(c) κ = 5.3977
overlap=0.9975
(d) κ = 6.3762
overlap=0.9895
(e) κ = 6.6286
overlap=0.9785
(f) κ = 6.9670
overlap=0.9860
(g) κ = 7.8684
overlap=0.9939
(h) κ = 8.2003
overlap=0.9975
(i) κ = 9.0693
overlap=0.9826
(j) κ = 9.5269
overlap=0.9300
(k) κ = 9.5487
overlap=0.9282
(l) κ = 9.9751
overlap=0.9894
(m) κ = 10.3480
overlap=0.9872
(n) κ = 10.7710
overlap=0.9868
(o) κ = 10.8853
overlap=0.9785
(p) κ = 11.6121
overlap=0.9852
(q) κ = 11.9408
overlap=0.9894
(r) κ = 12.2390
overlap=0.9889
(s) κ = 12.6688
overlap=0.9874
(t) κ = 12.8565
overlap=0.9840
Figure 5.10: First 20 mode shape approximations using SPOT in the quarter stadium
with Neumann boundary condition on one boundary. Mode wavenumber shown
below.
111(a) Bouncing ball orbit 1 (b) Bouncing ball orbit 2
(c) Triangle orbit (d) Diamond orbit
(e) Bow tie orbit
Figure 5.12: Short periodic orbits of the quadrupole enclosure.
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Figure 5.13: SPOT results for quadrupole enclosure with Dirichlet boundary condi-
tions. The top plot show the unfolded mode count with ‘×’ denoting the FEM mode
wavenumbers and ‘o’ showing the SPOT approximation. The middle plot shows the
normalized error and the bottom plot shows the overlaps.
116(a) κ = 2.1072
overlap=0.9865
(b) κ = 3.3560
overlap=0.9966
(c) κ = 4.0240
overlap=0.9879
(d) κ = 4.6609
overlap=0.9981
(e) κ = 5.2761
overlap=0.9869
(f) κ = 5.9006
overlap=0.9990
(g) κ = 5.9529
overlap=0.9826
(h) κ = 6.2431
overlap=0.9890
(i) κ = 7.0881
overlap=0.9945
(j) κ = 7.1889
overlap=0.9926
(k) κ = 7.2736
overlap=0.9894
(l) κ = 7.8349
overlap=0.9855
(m) κ = 7.9997
overlap=0.9718
(n) κ = 8.1175
overlap=0.9803
(o) κ = 8.3093
overlap=0.9912
(p) κ = 8.9213
overlap=0.9900
(q) κ = 8.9225
overlap=0.9823
(r) κ = 9.3593
overlap=0.9685
(s) κ = 9.4348
overlap=0.9876
(t) κ = 9.8404
overlap=0.9714
Figure 5.15: First 20 mode approximations in the quadrupole enclosure with Dirich-
let boundary conditions. Mode wavenumber shown below.
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Figure 5.17: SPOT results for quadrupole with Neumann boundary conditions. The
top plot show the unfolded mode count with ‘×’ denoting the FEM mode wavenum-
bers and ‘o’ showing the SPOT approximation. The middle plot shows the normal-
ized error and the bottom plot shows the overlaps.
121(a) κ = 1.5756
overlap=0.9954
(b) κ = 2.1401
overlap=0.9971
(c) κ = 2.5842
overlap=0.9760
(d) κ = 3.1147
overlap=0.9952
(e) κ = 3.8328
overlap=0.9920
(f) κ = 4.0376
overlap=0.9943
(g) κ = 4.0485
overlap=0.9748
(h) κ = 4.9842
overlap=0.9871
(i) κ = 5.0970
overlap=0.9873
(j) κ = 5.2128
overlap=0.9956
(k) κ = 5.9510
overlap=0.9909
(l) κ = 6.1631
overlap=0.9916
(m) κ = 6.1699
overlap=0.9747
(n) κ = 6.1845
overlap=0.9961
(o) κ = 7.0313
overlap=0.9565
(p) κ = 7.1341
overlap=0.9801
(q) κ = 7.2932
overlap=0.9562
(r) κ = 7.3149
overlap=0.9883
(s) κ = 7.8394
overlap=0.9479
(t) κ = 8.0232
overlap=0.9727
Figure 5.19: First 20 SPOT mode approximations in the quadrupole enclosure with
Neumann boundary conditions. Mode wavenumber shown below.
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Figure 5.22: SPOT results for quadrupole enclosure with impedance boundary con-
ditions. The top plot shows the absolute error between the SPOT approximation and
the FEM mode wavenumber. The bottom plot shows the overlaps.
approximations. Notice that only three periodic orbits have been used here. Fig-
ure 5.24 shows the SPOT approximations and ﬁgure 5.25 show the FEM mode
shapes. Notice that some of the mode shapes have been swapped.
126(a) κ =
1.8420 − 0.0140i
overlap=0.9948
(b) κ =
2.1560 − 0.0144i
overlap=0.9971
(c) κ =
2.8631 − 0.0125i
overlap=0.9777
(d) κ =
3.0468 − 0.0188i
overlap=0.9958
(e) κ =
4.0615 − 0.0128i
overlap=0.9951
(f) κ =
4.0701 − 0.0157i
overlap=0.9902
(g) κ =
4.0793 − 0.0170i
overlap=0.9781
(h) κ =
5.1576 − 0.0187i
overlap=0.9831
(i) κ =
5.1978 − 0.0178i
overlap=0.9884
(j) κ =
5.2208 − 0.0108i
overlap=0.9917
(k) κ =
5.9622 − 0.0127i
overlap=0.9657
(l) κ =
6.2377 − 0.0229i
overlap=0.9800
(m) κ =
6.3361 − 0.0161i
overlap=0.9780
(n) κ =
6.4696 − 0.0071i
overlap=0.9743
(o) κ =
6.9940 − 0.0140i
overlap=0.9689
(p) κ =
7.3086 − 0.0236i
overlap=0.9713
(q) κ =
7.4724 − 0.0185i
overlap=0.9662
(r) κ =
7.5516 − 0.0083i
overlap=0.9849
(s) κ =
7.8533 − 0.0124i
overlap=0.9439
(t) κ =
8.1311 − 0.0107i
overlap=0.9683
Figure 5.24: First 20 SPOT mode approximations in the quadrupole enclosure with
impedance boundary conditions (case 1). Mode wavenumber shown below.
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Figure 5.27: SPOT results for quadrupole enclosure with impedance boundary con-
ditions. The top plot shows the absolute error between the SPOT approximation and
the FEM mode wavenumber. The bottom plot shows the overlaps.
approximations. Figure 5.29 shows the SPOT approximations and ﬁgure 5.30 shows
the FEM mode shapes.
131(a) κ = 2.2580
overlap= 0.9798
(b) κ = 4.0210
overlap= 0.9642
(c) κ = 5.3405
overlap= 0.9847
(d) κ = 5.4702
overlap= 0.9403
(e) κ = 6.4079
overlap= 0.9423
(f) κ = 7.0785
overlap= 0.9382
(g) κ = 7.7985
overlap= 0.8955
(h) κ = 8.5702
overlap= 0.9763
(i) κ = 8.6427
overlap= 0.9167
(j) κ = 8.9481
overlap= 0.9065
(k) κ = 10.1945
overlap= 0.9232
(l) κ = 10.2091
overlap= 0.9086
(m) κ = 10.2256
overlap= 0.9087
(n) κ = 11.1570
overlap= 0.9078
(o) κ = 11.3069
overlap= 0.8601
(p) κ = 11.7180
overlap= 0.8953
(q) κ = 11.7900
overlap= 0.9196
(r) κ = 12.2551
overlap= 0.8269
(s) κ = 12.5956
overlap= 0.9133
(t) κ = 13.2191
overlap= 0.8528
Figure 5.34: First 20 SPOT modeapproximationsin the circle enclosure withDirich-
let boundary conditions. Mode wavenumber shown below.
138mean that the resonance functions will not have the same rotational symmetries as
the mode shapes. This will introduce some error into the mode shape approximation
comprised of these resonance functions. Alternatively, the integrability of the circle
maybe responsible.
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Figure 5.36: SPOT results for eccentric annulus enclosure with Dirichlet boundary
conditions. The top plot shows the unfolded mode count with ‘×’ denoting the FEM
mode wavenumbers and ‘o’ showing the SPOT approximation. The middle plot
shows the normalized error and the bottom plot shows the overlaps.
142(a) κ = 3.1405
overlap= 0.9381
(b) κ = 4.1466
overlap= 0.9112
(c) κ = 4.8769
overlap= 0.9239
(d) κ = 5.5789
overlap= 0.9341
(e) κ = 6.0944
overlap= 0.9117
(f) κ = 6.3175
overlap= 0.9023
(g) κ = 6.9458
overlap= 0.9233
(h) κ = 7.5987
overlap= 0.8689
(i) κ = 7.6668
overlap= 0.9258
(j) κ = 8.3738
overlap= 0.8453
(k) κ = 8.4618
overlap= 0.9224
(l) κ = 8.9432
overlap= 0.8713
(m) κ = 9.1023
overlap= 0.8533
(n) κ = 9.2803
overlap= 0.8888
(o) κ = 9.7903
overlap= 0.9169
(p) κ = 10.1572
overlap= 0.7880
(q) κ = 10.5106
overlap= 0.8199
(r) κ = 10.8002
overlap= 0.8992
(s) κ = 11.0355
overlap= 0.7139
(t) κ = 11.2049
overlap= 0.8950
Figure 5.38: First 20 SPOT mode approximations of the eccentric annulus. Mode
wavenumber shown below.
144Initial measured
mode shape
Decompose mode shape into resonance
functions and thus ﬁnd underlying periodic orbits.
Analyse how changing shape
changes periodic orbits
Calculate new resonance functions
Approximate new mode shapes
Objective met?
Validate with new measurement
or numerical calculation
Objective met?
End
Figure 6.1: Flow diagram for enclosure design.
151Figure 6.10: Mode shape in the eccentric annulus kR=47.6054. Dots show the points
where the ray angle function was calculated. Lines show the path of the adaptive
process.
162second is that at one particular point there may be several maxima. This information
is lost if the adaptive code is used.
163(a) Mode shape 1. (b) Mode shape 2. (c) Mode shape 3.
(d) Mode shape 4. (e) Mode shape 5. (f) Mode shape 6.
(g) Mode shape 7. (h) Mode shape 8. (i) Mode shape 9.
(j) Mode shape 10.
Figure 6.11: Mode shapes under consideration.
165(a) Mode shape 11. (b) Mode shape 12. (c) Mode shape 13.
(d) Mode shape 14. (e) Mode shape 15. (f) Mode shape 16.
(g) Mode shape 17. (h) Mode shape 18. (i) Mode shape 19.
(j) Mode shape 20.
Figure 6.12: Mode shapes under consideration.
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(a) Mode 1 resonance function
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(b) Mode 2 resonance function
decomposition.
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(c) Mode 3 resonance function
decomposition.
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(d) Mode 4 resonance function
decomposition.
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(e) Mode 5 resonance function
decomposition.
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(f) Mode 6 resonance function
decomposition.
1 2 3 4 5
0
0.2
0.4
0.6
0.8
1
A
m
p
l
i
t
u
d
e
 
l
e
f
t
Number of resonance functions removed
(g) Mode 7 resonance function
decomposition.
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(h) Mode 8 resonance function
decomposition.
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(i) Mode 9 resonance function
decomposition.
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(j) Mode 10 resonance function
decomposition.
Figure 6.13: Mode decomposition results.
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(a) Mode 11 resonance function
decomposition.
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(b)Mode 12 resonancefunction
decomposition.
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(c) Mode 13 resonance function
decomposition.
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(d) Mode14 resonancefunction
decomposition.
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(e) Mode 15 resonance function
decomposition.
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(f) Mode 16 resonance function
decomposition.
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(g) Mode17 resonancefunction
decomposition.
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(h)Mode 18 resonancefunction
decomposition.
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Figure 6.14: Mode decomposition results.
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Figure 6.15: 20 mode wavenumbers found as eccentricity increases by 0.001 each
step.
will determine how that periodic orbit changes as the eccentricity changes.
Orbit 6(2)1 will be analyzed as an example. The orbit can be calculated for
different values of the eccentricity and it exists for quite a wide range of eccentricity
values. It is both stable, marginally stable and unstable at different parameter values.
Figure 6.16 shows how the mode wavenumbers change with eccentricity. It
shows nine points in bold which are scarred with this orbit. The mode shape and
the Husimi plot at each of these points is shown in ﬁgure 6.17. It is clear that as the
eccentricity changes the mode shapes along this trajectory are still scarred with the
same orbit and the Husimi plots provide evidence to support this. It should be noted
that as the eccentricity increases beyond 0.50 the scar becomes less important and
other activity increases. This is because the orbit has gone from marginally stable at
ε = 0.5 to unstable for ε > 0.5.
Figure 6.16 also shows a solid line, which shows how the wavenumber of the
resonance function changes with eccentricity. This is calculated using the Bohr–
Sommerfeld quantization. This approximation is close to the wavenumbers of the
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Figure 6.17: Mode shape and Husimi function as the eccentricity of the annulus
increases. These plots correspond to the bold dots in ﬁgure 6.16.
173SPOT was also used to explain the trajectory of the mode wavenumbers of a
mode as the eccentricity of the enclosure was changed.
SPOT may be useful for the design process. The theory is more useful for mode
shapes scarred by stable and marginally stable periodic orbits. These orbits are easy
to ﬁnd since they appear in the centre of islands of stability in the Poincar´ e surface.
These periodic orbits have the strongest scars as well. The unstable periodic orbits
produce less strong scars and several unstable periodic orbits often appear together
meaning their effect is lessened.
175shapeshavebeen approximatedusingonlya smallnumberof periodicorbits. Theac-
curacy of the approximationswas then assessed against numerical approximationsto
the mode shapes. The quarter stadium was the ﬁrst example. The Dirichlet boundary
condition case had been calculated by Vergini and Carlo [27] previously. The mode
shapes in the quarter stadium with Dirichlet boundary condition on three sides and
Neumann boundary condition on the other side were also approximated using SPOT
and showed good agreement to the numerically calculated wavenumbers and mode
shapes.
The quadrupole enclosure contains stable, unstable and marginally stable peri-
odic orbits, so it has mixed chaoticity. SPOT has not previously been attempted
in a shape with mixed chaoticity. The Dirichlet boundary condition results showed
good agreement with the wavenumbers and mode shapes of the FEM mode shapes.
Only 4 periodic orbits were used to approximate the ﬁrst 20 mode shapes. The Neu-
mann boundary condition approximations also matched very well to the FEM mode
shapes. The impedance boundary condition did not provide such good agreement.
SPOT was attempted in the circle enclosure, which is an integrable domain. The
approximation of mode shapes of an integrable domain has not previously been pub-
lished. The ﬁrst 20 distinct mode shapes were approximated with good accuracy
using only two periodic orbits.
The eccentric annulus also contains stable, unstable and marginally stable pe-
riodic orbits. The eccentric annulus has a hole which provides an extra level of
difﬁculty. The ﬁrst 20 mode shapes were approximated using the only four periodic
orbits.
The method works best in convex enclosures with Dirichlet or Neumann bound-
ary conditions and some chaotic ray dynamics. The quarter stadium and quadrupole
enclosures both supported the Mode Resonance Function Hypothesis. The circle,
which is an integrable domain, did not support the hypothesis but was close to doing
so. SPOT did not work so well with impedance boundary conditions. The hypothesis
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Figure A.3: Convergence of the ﬁnite element method to the analytic value of the
mode wavenumber. ‘×’ show data points. ‘...’ is the analytic mode wavenumber.
0.05 0.1 0.15 0.2 0.25 0.3 0.35
1
2
3
4
5
6
7
8
9
Maximum element size divided by wavelength
S
o
l
u
t
i
o
n
 
t
i
m
e
 
i
n
 
s
e
c
o
n
d
s
Figure A.4: Time taken in seconds to ﬁnd the mode.
188